In this study, we develop an exact microstructure-dependent Timoshenko beam finite element. First, a Timoshenko beam model based on the modified couple-stress theory is reviewed briefly. The general closed-form solution to the equilibrium equations of the beam is derived. The twodimensional in-plane stress distributions along the beam in terms of load resultants are obtained. In addition, the general solution can be used to model any distributed load which can be expressed as a Maclaurin series. Then, the solution is presented in terms of discrete finite element (FE) degrees of freedom. This representation yields the exact shape functions for the beam element. Finally, the exact beam finite element equations are obtained by writing the generalized forces at the beam ends using the FE degrees of freedom. Three calculation examples which have applications in micron systems and sandwich structures are presented.
Introduction
Over the past decade or two, the rise of small-scale technologies and the development of novel heterogeneous materials and periodic structures have led to a growing interest in micromechanical modeling of solids. This, in turn, has sparked interest in non-classical theories of continuum mechanics which, unlike the classical one, account for small-scale effects that may have an impact on the macro-deformation of a structure. Standard non-classical continuum theories for solids are built upon the premise that in addition to the classical force-stress vector on a plane (surface traction), a similarly defined non-vanishing couple-stress vector is also present. Furthermore, the stress state at a point is defined by the components of the force-stress and couple-stress tensors.
The widely used modified couple-stress theory by Yang et al. [1] provides a coherent framework for developing microstructure-dependent structural models such as beams and plates. This theory is a simplified version of the standard couple-stress theory which was conceived in the 1960s and can be obtained as a special case of, for example, a second-order rotation gradient theory or the Cosserat theory [2, 3] . An in-depth survey on the early works on the standard couple-stress theory was given by Tiersten and Bleustein [4] . The main difference between the modified couplestress theory and the standard theory is that the couple-stress tensor is symmetric in the modified theory. This symmetry makes the strain energy independent of the antisymmetric part of the curvature tensor (the symmetric part and the couple-stress tensor are energetically conjugate) and this feature facilitates energy-based considerations. Furthermore, the modified theory contains 1 only one non-classical material constant in comparison to the standard theory which includes two such constants. In the modified theory, the governing equations are commonly expressed in such a form that instead of the non-classical material constant a microstructural length scale parameter appears in the equations. This parameter is typically determined either by a fit to test data or by making a reasonable choice on the basis of the topology of the microstructure at hand. In the case of the standard couple-stress theory, the task of determining the two non-classical material constants is more ambiguous.
Size-dependency is known to play a pivotal role in micro-and nano-beam structures, for examples, see the works by Lam et al. [5] and McFarland and Colton [6] . Motivated by the sizedependency, the modified couple-stress theory has been used to develop microstructure-dependent beam models. Park and Gao [7] studied the static bending of an Euler-Bernoulli beam based on the modified couple-stress theory, Kong et al. [8] established a dynamic version of such a beam, and Akgöz and Civalek [9] studied analytically the buckling problem of a microbeam. Xia et al. [10] investigated different nonlinear aspects of Euler-Bernoulli microbeams. Abdi et al. [11] and Rahaeifard et al. [12] examined small-scale electromechanical cantilever beams.
Timoshenko beam models based on the modified couple-stress theory have been formulated by Ma et al. [13] , Asghari et al. [14, 15] and Reddy [16] . For further studies on microstructuredependent Timoshenko beam models based on the modified couple-stress theory, see Refs. [17, 18, 19, 20, 21] . In addition to small-scale applications, the formulation by Reddy [16] has recently been used to study macroscale web-core sandwich beams by Romanoff et al. [22, 23] .
Finite element models for Timoshenko beams based on the modified couple-stress theory have been presented by Arbind and Reddy [24] , Komijani et al. [25] and Kahrobaiyan et al. [26] . In developing their Timoshenko beam element, Kahrobaiyan et al. [26] assumed the microstructural length scale parameter to be very small in comparison to the beam length. Such an assumption is not valid, for example, in the study of web-core sandwich beams where the value of the length scale parameter may be up to one-fourth of the total beam length (see, Romanoff and Reddy [22] ). In other words, the length scale parameter is not small in comparison to the total length of a web-core beam and, thus, the governing equations should not be simplified in the same way as in Ref. [26] . We also note that Arbind and Reddy [24] and Komijani et al. [25] used approximate polynomial interpolation functions in their finite element formulations. In light of the foregoing, the main objective of this study is to formulate an exact, linearly elastic microstructure-dependent Timoshenko beam element without making any numerical approximations or simplifying assumptions in the course of the development. The element is essentially an alternative form of the general closed-form solution to the linearized governing equations of the modified couple-stress Timoshenko beam model by Reddy [16] . As an additional novelty, the general solution to be developed in this paper can be used to model any distributed load which can be expressed as a Maclaurin series.
In more detail, the rest of the paper is organized in the following way. In Section 2, the microstructure-dependent Timoshenko beam model is reviewed briefly. The general solution to the governing equations of the model is developed by taking use of a change of variables similar to that employed by Asghari et al. [15] . The homogeneous solution consists of polynomial and hyperbolic functions and includes six constant coefficients. In Section 3, these constants are expressed in terms of six discrete nodal degrees of freedom defined at the ends of the beam. This representation enables the formulation of the exact beam finite element. In Section 4, case studies considering beams with microstructures are presented. Conclusions are drawn in Section 5. 
Couple-stress Timoshenko beam

Governing equations
Let us consider the microstructure-dependent Timoshenko beam presented in Fig. 1 . Following Reddy [16] , the beam has a rectangular cross-section of constant thickness t and the length and height of the beam are L and h, respectively. The displacement field of the beam can be written as
where φ is the rotation of the cross-section at the central axis of the beam and w is the transverse deflection of the central axis. The axial normal strain, transverse shear strain and the only non-zero component of the curvature tensor are
respectively. In the last of the previous equations, ω y is the only nonzero component of the rotation vector. The axial normal stress, transverse shear stress and the couple-stress are obtained from the constitutive relations
respectively, where E(z) and G(z) are the Young's modulus and shear modulus, respectively, and l is the microstructural length scale parameter. The equilibrium equations for the beam subjected to a distributed load q(x) read [13, 16 ]
Above, the load resultants, which act at an arbitrary cross-section of the beam, are defined as [16] 
where we have D Q = K s S xz with the Timoshenko shear coefficient K s , and D xx , S xz and S xy are the bending, transverse shear, and in-plane shear stiffness coefficients, respectively. These stiffness coefficients may be determined, for example, according to an isotropic material [13] ; twoconstituent functionally graded material [16] or according to sandwich beam theory [22] . By writing the equilibrium equations (4) and (5) in terms of the kinematic variables, we obtain
where prime denotes differentiation with respect to x. As for the boundary conditions, one element in each of the following pairs should be specified at x = ±L/2
where θ(x) is the slope at the central axis of the beam and
The equilibrium equations (9) and (10) can be rendered amenable to an analytical solution by introducing the variables [15] γ ≡ γ xz = φ + w and ω ≡ 2ω y = φ − w .
Now we can write Eqs. (9) and (10) in the form
In summary, after obtaining a solution to Eqs. (16) and (17), the original kinematic variables φ = (γ + ω)/2 and w = (γ − ω)/2 are retrieved from Eqs. (15) . Next we consider the homogeneous and particular solutions which provide the general solution
to the equilibrium equations (9) and (10).
Homogeneous solution
In the case of the homogeneous solution, that is, for q(x) = 0, we obtain
where
and
We see from Eqs. (19)- (23) that the relation φ h = −w h (φ h = θ h ), which holds for the classical Timoshenko beam, does not hold in the present case due to the hyperbolic terms in the solution.
Note that the constant C 1 corresponds to rigid body translation in the z−direction and C 2 to a rigid body rotation about the y−axis. We calculate the load resultants (6)- (8) and (14) 2 using the stresses (3) and the homogeneous solution (19) and (20) . Then we can express the constants C 3 , C 4 , C 5 and C 6 in terms of the load resultants and substitute them back into the stresses (3) to obtain the general 2D stress distributions
We note already at this point that even if the particular solution for a distributed load developed in the next section is included in the general solution, the expressions (24)- (26) remain the same.
Particular solution
To obtain a solution for a distributed load which is of general nature, we consider the load to be of the form q(x) = q n x n .
Accordingly, we write w p → w n p and
The particular solution is then
where the incomplete gamma functions can be written as [27] 
As an elementary example, we consider a uniformly distributed load (i.e. n = 0 and q n = q 0 ) and Eqs. (29)-(31) yield
Due to the linearity of the problem, the particular solution by Eqs. (29) and (30) is valid for any distributed load which can be expressed as a Maclaurin series
Figure 2: Set-up according to which the exact microstructure-dependent Timoshenko beam element based on the modified couple-stress theory is developed.
Exact microstructure-dependent beam element
The general solution (18) can be used as the basis for the formulation of an exact microstructuredependent Timoshenko beam finite element. The element is obtained by presenting the general solution in terms of discrete degrees of freedom. For reference, a similar finite element formulation for a classical isotropic beam based on an exact elasticity solution has been presented by Karttunen and von Hertzen [28] . Fig. 2 presents the setting according to which the element is developed. Both nodes in Fig.  2 have three degrees of freedom. For nodes i = 1, 2, we have transverse displacements w i and rotations φ i and θ i . In the classical case, there is only one rotation [29] . Using the solution (18), we obtain for nodes 1 and 2 the following six equations
General solution in terms of FE-degrees of freedom
We can solve the six unknown constants C j (j = 1, . . . , 6) from Eqs. (35). The lengthy explicit expressions for these are given in Appendix A. By substituting the solved constants into Eqs. (18), we can write the transverse deflection and the rotation of the cross-section in the form
is the displacement vector and N w and N φ are the shape functions. Functions w q (x) and φ q (x) depend on the particular distributed load at hand. By looking at the general solution (18)- (20) and the constants provided in Appendix A, we see that the shape functions contain hyperbolic terms in addition to mere polynomials that suffice in the classical case. We note that the shape functions as such are not used in the current developments, that is, the solution along a beam element is obtained by substituting constants C j (j = 1, . . . , 6) and the nodal displacements into the general solution (18) . After this the calculation of the 2D displacements (1), strains (2), and stresses (3) is straightforward.
Finite element equations
To obtain the finite element equations, we substitute constants C 3 , C 4 , C 5 and C 6 into Eqs. (13) and (14) to calculate the generalized forces at nodes i = 1, 2, with the notion that the positive directions are taken to be according to Fig. 1 so that
The conventional presentation for the 1D beam element is obtained by writing Eqs. (39) in the form
where K is the stiffness matrix (see Appendix B), q is the force vector related to the distributed load and
is the nodal force vector.
Case studies
In this section we study three calculation examples. Fig. 3(a) shows an end-loaded cantilever beam, which is a common component in micro-and nanoelectromechanical systems. The relative differences between the classical and couple-stress solutions are studied at the loaded end. In Fig.  3(b) , three-point bending is modeled by a symmetric half of a simply-supported web-core sandwich beam. The number of unit cells along the beam is varied in the calculations. A web-core sandwich beam that consists of four unit cells is presented in Fig. 3(c) . In this case, the computations are carried out using four beam elements. Note that if the sandwich beams were to be modeled in 3D, there would be no need to account for the couple-stresses. However, when using a 1D beam model, it is beneficial to employ the modified couple-stress theory. A unit cell of a web-core sandwich beam constitutes a microstructural building block and the length scale parameter l is taken equal to the length of the unit cell. For more details, see the works by Romanoff et al. [22, 23] . 
End-loaded cantilever
The solution to the cantilever problem in Fig. 3(a) is obtained using one beam element and by applying the boundary conditions w 1 = φ 1 = θ 1 = 0. The transverse deflection w(x) and rotation φ(x) are then obtained from Eqs. (36) and (37). Alternatively, using the general solution (18) , the six boundary conditions read
The transverse deflection is
The classical solution is obtained by setting the hyperbolic terms and S xy to zero. The relative difference between the classical and couple-stress solutions is given by
Let us consider an isotropic homogeneous beam so that D xx = EI, D Q = K s GA, S xy = GAl 2 where I = th 3 /12 is the second moment of area and A = ht is the cross-sectional area. We choose the parameter values E = 1, h = 1, t = h, L = 10h, F = 1 and K s = 5/6. The relative difference (44) at x = L/2 as a function of the ratio l/h for three different values of the Poisson ratio ν is shown in Fig. 4 . We observe two trends from the figure. First, at low l/h−ratios, the relative difference between the solutions is insignificant, for example, at l/h = 0.1, we have w rel = 4% for ν = 0.5. However, at l/h = 0.5 the difference is already 100% due to the exponential nature of the curve. Second, the relative difference increases for decreasing values of the Poisson ratio. 
Three-point bending of a sandwich beam
Similarly to the previous problem the solution to the three-point bending by a symmetric half is obtained using one element. The boundary conditions are w 1 = φ 2 = θ 2 = 0. By employing the the general solution directly, the six boundary conditions are
The classical solution is obtained by setting the hyperbolic terms and S xy to zero. For a web-core sandwich beam, we take D xx = 657 kNm, D Q = 388 kN/m and S xy = 4.33 kNm according to Romanoff and Reddy [22] . The load is F = 1 kN/m and the length of one unit cell is 0.12 m. 
Sandwich beam on three supports
Finally, we study the web-core sandwich beam shown in Fig. 3 (c) which consists of four unit cells. The parameter values are the same as in the previous example, with the exception that now F = 10 kN/m. The beam is modeled using four finite elements. Fig. 6 shows the transverse deflection along the beam according to classical and couple-stress solutions. A brief derivation for the classical Timoshenko beam element applicable to the present case can be found in Appendix C. It has been shown by Romanoff et al. [22, 23] that couple-stress based solutions for web-core sandwich beams are in very good agreement with experimental results and with the 'Allen solutions' unlike classical Timoshenko beam solutions when the beam has only a few unit cells. In the present case, we see from Fig. 6 that the maximum deflection of the classical beam is nearly double that of the couple-stress beam. In addition, the zigzag-type deflection shape given by the classical Timoshenko beam is not physically plausible. 
Conclusions
In this paper, we formulated an exact beam finite element which is an alternative representation of the general closed-form solution to the equilibrium equations of a couple-stress based Timoshenko beam model. The element has six degrees of freedom, namely deflection and two rotations at each of its two nodes. It is easy to use the beam element to model frames and beams resting on multiple supports and, thus, it essentially extends the applicability of the general closed-form solution.
In general, it is straightforward to derive analytical closed-form solutions for linear beam models and develop finite elements using these solutions. By following the methodology presented in this paper, all numerical locking problems are avoided in finite element computations. Shape functions obtained via analytical solutions may also be used as first approximations in refined finite element formulations which include, for example, the non-linear von Kármán strains. Furthermore, the analytical solutions can be used to develop consistent mass and geometric stiffness matrices. Such extensions would enable one to study, for example, the linear vibrations of an initially prestressed microstructure-dependent beam.
Appendix A. Finite element related constants
Explicit expressions for constants C j (j = 1, . . . , 6) solved from Eqs. (35) read
, (A.1) See Eqs. (21) and (22) for α and β, respectively, and Eqs. (A.7) and (A.8) for ζ, η,ĉ andŝ.
